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LIFTS OF NON-COMPACT CONVEX SETS AND CONE 
FACTORIZATIONS 

CHU WANG AND LIHONG ZHI 


Abstract. In this paper we generalize the factorization theorem of Gouveia, 
Parrilo and Thomas to a broader class of convex sets. Given a general convex 
set, we define a slack operator associated to the set and its polar according 
to whether the convex set is full dimensional, whether it is a translated cone 
and whether it contains lines. We strengthen the condition of a cone lift by 
requiring not only the convex set is the image of an affine slice of a given closed 
convex cone, but also its recession cone is the image of the linear slice of the 
closed convex cone. We show that the generalized lift of a convex set can also 
be characterized by the cone factorization of a properly defined slack operator. 


Key words: lift; convex set; recession cone; polyhedron; cone factorization; non¬ 
negative rank; positive semidefinite rank. 


1. Introduction 


Given a linear programming problem, how to reformulate it to a standard form 
with fewer constraints is an important problem. In [5], Yannakakis proved that 
the nonnegative rank of a slack matrix of a polytope P is the minimum k such 
that P is the linear image of an affine slice of the nonnegative quadrant. In 
Yannakakis’s result was generalized to decide whether a convex body C (a compact 
convex set containing the origin in its interior) is the linear image of an affine slice of 
a given convex cone X (X-lift) via cone factorizations of slack operators. Although 
it was claimed that results in ijj hold for all convex sets, we notice that it is more 
complicated to identify whether a non-compact convex set C containing no lines 
has a X-lift since C could be generated by not only extreme points but also extreme 
directions. Moreover, if a convex set contains lines, then it has no extreme points 
or extreme directions. Furthermore, if the convex set does not contain the origin 
in its interior, linear functions corresponding to its polar can not characterize the 
convex set completely (see Example 3.1l. These facts motivate us to study how 
to extend the definitions of X-lift and slack operator to a general convex set and 
show the relationship between lifts of convex sets and cone factorizations of slack 
operators when the convex set is not a convex body. 

Our contribution: Let C be a closed convex set in R n and K a closed convex 
cone in R m . We consider how to generalize the factorization theorem in to a 
broader class of convex sets. Our main results are as follows. 


• When C contains the origin, since C = C°°, C can be described by all 
vectors in C°. When C does not contain the origin, we show that a convex 
set C can be characterized completely by linear functions defined by C° = 
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{l | (l,x) < 1, Vx G C}, 0 + C° = {/ | (Z,®> < 0, Vx G C} and C 3 = {Z | 
<Z,a:) < -1, Vx G C}. 

• We extend the question of when a given convex body C is the linear image 
of an affine slice of a convex cone to the case where C is not compact 
and may not contain the origin in its interior and may contain lines. We 
introduce two ways to characterize the existence of a if-lift of C. The 
first one is based on all points in C and the second one uses only extreme 
points, extreme directions and an orthogonal basis of the linearlity space 
of C if it contains lines. Although the first method can be used to check 
the existence of a A'-lift of any convex set, it is difficult to use, see Remark 
|3.10[ Therefore, in the paper, we focus on the second method. We extend 
Definition 1,2 and Theorem 1 in Q to a broader class of convex set and 
show that the generalized lift of a convex set can also be characterized 
by the cone factorization of properly defined slack operator according to 
whether the convex set is full dimensional, whether it is a translated cone 
and whether it contains a line. 

• We specialize the results of the cone lift of general convex sets to polyhedra 
and show that the conclusion can be strengthened when C and K are both 
polyhedra. When K is a semidefinite convex cone, we give a lower bound 
on the semidefinte rank of a polyhedron, which generalizes the result in [5] . 
We also extend results in m [a m to identify whether a given nonnegative 
matrix is a slack matrix of a polyhedron and characterize the rank of a 
slack matrix in terms of the dimension of a polyhedron. 

The paper is organized as follows. In Section [2j we provide some preliminaries 
about convex sets and cones. Some well-known results in convex analysis are re¬ 
called. In Section [3j we generalize the factorization theorem in [4j Theorem 1] to 
convex sets which are not convex bodies. In Section [4j we specialize results estab¬ 
lished in Section [3] to the case where the convex set is a polyhedron. Some results 
in m 1 m on the semidefinite rank of a slack matrix are extended to the case that 
the convex set is a polyhedron. 


2. Preliminary 

Let R n be a n-dimensional linear space, S m the space of real symmetric m x m 
matrices. A non-empty subset C C R n is said to be convex if (1 — X)x + A j/GC 
whenever x G C , y G C and 0 < A < 1. We denote cl (C) and int (C) as the closure 
and interior of C respectively. The affine hull of a convex set C, denoted by aff(C), 
is the unique smallest affine set containing C. If a closed convex set C is compact 
and contains the origin in its interior, it is called a convex body. 

A subset AT of R n is called a cone if it is closed under nonnegative scalar mul¬ 
tiplication, i.e. \x G K when x G K and A > 0. We denote the m-dimensional 
nonnegative quadrant by and the cone of m x m real symmetric positive semi¬ 
definite (psd) matrices by ST. A convex cone K is pointed if it is closed and 
AT n —K = {0}. The polar of a non-empty convex cone K is defined as 

K° = {x G R n | Vy G AT, (x, y) < 0}. 

Given a set C, if there exists a cone C 0 and a vector iGl" such that C = x + C 0 , 
then C is said to be a translated cone. 
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The recession cone 0 + C of a non-empty convex set C is the set including all 
vectors y satisfying x + Xy £ C for every A > 0 and x £ C. The set 0 + C D (—0 + C) 
is called the lineality space of C. 

Let So be a set of points in R n and S± a set of directions in R". We define the 
convex hull co ( S ) of S = So U Si to be the smallest convex set C in R” such that 
C 3 So and 0 + C 3 Si. Algebraically, a vector x belongs to co (S) if and only if it 
can be expressed in the form 

k 

x — AiXi "f~ * * * T A kXk T Afc-j-iXfe-j-i T * * * T A m x m , ^ ] A^ — 1, 

i=1 

where xi,...,Xk are vectors in Sq and x^+i, • ■ ■, x m are vectors whose directions 
are in Si and Aj > 0 for 1 < i < to. If So = {0} and Si is not empty, then 
C = co (Sq U Si) is a cone which is also denoted as cone (Si). 

The relative interior ri (C) of a convex set C in R" is defined as the interior 
when C is regarded as a subset of its affine hull aff(C). A face of a convex set 
C is a convex subset C' of C such that every closed line segment in C with a 
relative interior in C has both endpoints in C'. The zero-dimensional faces of C 
are called the extreme points of C. If C' is a half-line face of a convex set C , we 
shall call the direction of C an extreme direction of C. If C is a convex cone, an 
extreme ray is a face which is a half-line emanating from the origin. Note that 
every extreme direction of C can also be regarded as an extreme ray of 0 + C. Let 
x = (xi,..., x n ) and y = (yi ,..., y n ) be two vectors in R n , the inner product of 

n 

x, y in R n is expressed by (x, y) = Yl x iVi- 

i—1 

The polar of a non-empty convex set C C R” is a closed convex set defined as 
C° = {x g R n | Vy g C, (x, y)< 1}. 


We have C°° = cl (co (CU{0»). 

The indicator function S (•, C) is defined by 


S(x,C) 


0 if 
+oo if 


x € C, 
x(£C. 


The support function 5* (x, C) of a convex set C £ R" is defined by 


<5* (x,C) = sup{(x, y) \ y£C}. 

domd* (x, C) = {x\ S* (x, C) < +oo} is called the barrier cone of C. 


Theorem 2.1. [6] Theorem 8.3] Let C be a non-empty closed convex set, and let 
y ^ 0. If there exists even one x such that the half-line {x + Xy \ A > 0} is contained 
in C, then the same thing is true for every x £ C, i.e. one has y £ 0 + C. 


Theorem 2.2. [6] Theorem 18.5] Let C be a closed convex set containing no lines, 
and let S be the set of all extreme points and extreme directions of C. Then C = 
co (S). 

Theorem 2.3. J>J Theorem 8.7] Let f be a closed proper convex function. Then 
all the non-empty level sets of the form {x \ f(x ) < a}, a € R, have the same 
recession cone and the same lineality space. 


Corollary 2.4. |3 Corollary 14.2.1] The polar of the barrier cone of a non-empty 
closed convex set C is the recession cone of C. 
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Theorem 2.5. !6j Theorem 13.1] Let C be a convex set. Then x £ cl((7) if and 
only if (x , x*) < 5* (x, C) for every vector x*. 

3. Cone lifts of non-compact convex sets 

Let exti(C) denote the set of extreme points of a closed convex set C and ext 2 (C) 
the set of extreme rays of a closed convex cone C. An extreme ray is also the 
common direction of vectors in this ray. In the following part of our paper, we 
represent each extreme ray by one vector and denote ext 2 (C) as the collection of 
such vectors. 

If C is a compact convex set containing the origin in its interior, according to 
[3J Definition 1], a K-lift of C C R" is a set Q = K D L where L C R m is an affine 
subspace and 7r : R m —»• R n is a linear map such that 

(3.1) C = n(KnL). 

If L intersects the interior of K , we say that Q is a proper K-lift of C. The slack 
operator Sc is K-factorizable if there exists maps 

A : exti(C) —> K. B : exti (C°) —> K*. 

such that Sc(x,y) = (A(x), B(y)) for all (x,y) £ exti(C') x exti(C 0 ), see [2J Defi¬ 
nition 2]. 

In this section, we explain how to generalize the argument in [4] to more general 
convex sets and show the relationship between cone lifts of convex sets and cone 
factorizations of slack operators when the closed convex set is not a convex body. 

3.1. C is full dimensional. Assume that C is a full dimensional closed convex 
set in R™, we define 

C° = {x | <5* (x, C ) < 1}, 0 + C° = {x | S* (x, C ) < 0}, C 3 = { x\ 6* (x, C) < -1}. 

It is clear that C°, C 3 are closed convex sets containing no lines and 0 + C° is a 

closed pointed cone that contains C 3 . Let 

D\ = exti(C°)\0, D 2 = ext2(0 + C°) n {x \ S* (x,C) = 0}, D 3 = exti(C < 3 ). 

By Theorem |2.3[ we have 0 + C° = 0 + C3. Let 

D 32 = ext 2 (0 + C°) n {x | <5* (x, C) = -1}. 

It is clear that D 32 C D 3 but D 32 is not always equal to D 3 . 

Example 3.1. We consider a compact convex set 

C = {( x,y ) \ x + y>l,x + y<3, y-x>- 1, y - x < 1.} 

Then, we have 

C° = {(x,y) | 2x + y < 1, x + 2y < 1, x < 1, y < 1}, 

0 + C° = {(x,y) | x < 0, y < 0}, 

C 3 = {(x,y) | x < -1, y < -1}, 
see Figure |T] Furthermore, we have D 32 = 0 and 

Di = {(-1,1), (|, (1, -1)}, D 2 = {(-1,0), (0, -1)}, D 3 = {(-1, -1)}. 

Remark 3.2. According to Theorem |2.2| and |2.3[ we can show: 
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(1) The convex set C° can be expressed as convex combinations of all points 
in D i and all directions of the vectors in D 2 and Dj, 2 . 

(2) The convex cone 0 + C° can be expressed as convex combinations of all 
directions of the vectors in D 2 and £> 32 . 

(3) The convex set C 3 can be expressed as convex combinations of all points 
in D 3 and all directions of the vectors in D 2 and D 32 . 

Theorem 3.3. Given a full dimensional closed convex set C C R", the following 
statements are true: 

(1) The set D\ is empty if and only if C° is a closed cone. If D 1 is not empty, 
for every vector x in D\, we have <5* (x, C) = 1. 

(2) The set D 2 is empty if C contains the origin in its interior. When C is 
not compact and contains the origin on its boundary, D 2 is not empty and 
each extreme ray ofO + C° is the direction of a vector in D 2 . 

(3) The set D 3 is empty if and only if C contains the origin. If D 3 is not 
empty, for every vector x in D 3 , S* (x,C) = —1. 

Moreover, the convex cone generated by C° is domd* ( x,C ). 

Proof. Since C° contains no lines, D\ is empty if and only if the origin is the only 
extreme point of C°, i.e. C° is a closed cone. If there exists an extreme point x £ D 1 
such that <5* (x, C ) < 1, then there exists A > 0 such that 6 * ((1 + A)x, C) < 1 and 
<5* ((1 — X)x , C) < 1. So (1 — A)x and (1 + \)x are both in C° which contradicts to 
the fact that x is an extreme point of C°. 

When C contains the origin in its interior, C° is compact and 0 + C° contains 
only zero vector. Hence, D 2 is empty. If C contains the origin, for every x in 
dom<5* (x,C), we have S* (x,C) > 0. If the origin is on its boundary, there exists 
a supporting hyperplane of C through the origin. So C° is not compact and 0 + C° 
contains a nonzero vector. Combined with the fact that S* (x, C) = 0 for all x in 
0 + C°, D 2 can represent all the extreme rays of 0 + C°. 

It is clear that C 3 is empty if and only if 6 * (y, C) > 0 for all y £ R n . By Theorem 
|2.5[ this is equal to say that C contains the origin. Therefore, £>3 is empty if and 
only if C contains the origin. Similar arguments can be used to show 5* (x, C) = — 1 
for every vector x in £> 3 . 

For every x £ con e(C°), there exists A > 0 and y £ C° such that x = A y. So 
<5* (x,C) = AS* ( y,C ) < 00 and x £ domd* (x,C). On the other hand, for each 
x £ dom<5* (x, C ), if (x, C) = M > 0, then x/M is in C° and x is in cone ( C°). 
Hence cone ( C °) = dom<5* (x, C). □ 
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Remark 3.4. When C does not contain the origin, it is not easy to identify whether 
the set D 2 is empty. The convex set C in Example |3.1| does not contain the origin, 
D 2 = {(—1, 0), (0, —1)}. However, for the convex set C defined by C = {(a:, y) | 
y > x + 1 ,y > —x + 1}, we have C° = 0 + C° = {(a;, y) \ x + y < 0, y — x < 0}. 
The extreme rays of 0 + C° are l-\ = (—1, —1) and l 2 = (1, —1). We have <5* (h, C) = 
S* (l 2 , C) = — 1 < 0. Hence, the set D 2 is empty. 


When C contains the origin in its interior, by Theorem |3.3[ D 2 and £>3 are empty 
and C can be characterized by D\ alone. However, when C does not contain the 
origin in its interior, as shown by the following example, the linear functions with 
coefficients in D\ or D\ U D 2 can not characterize C completely. 

Example 3.1 (continued). In this example, every linear function f(x) = (h,x) 
where l\ £ D\ has maximal value 1 on C, therefore, 

Ei = {(x, y) | CiX+c 2 y < 1, (ci, c 2 ) fHi} = {(i,!/) I ~x+y < 1, x-y < 1, x+y < 3}. 
The linear function f(x) = (l 2 ,x) where l 2 € D 2 has maximal value 0 on C and 
E 2 = {(x,y) | cix + c 2 y < 0, (ci,c 2 ) € D 2 } = {(x,y) \ x > 0, y > 0}. 

The linear function /( x) = (I 3 , x) where I 3 € D 3 has maximal value —1 on C, hence, 

E 3 = {( x,y) | C\X + c 2 y < -1, (ci,c 2 ) € D 3 } = {(a :,y) | x + y > 1}. 



Figure 2. Example [XT] 


(3.2) 


x G C 


We now show that a full dimensional closed convex set C can be characterized 
completely by elements in D \, D 2 and D 3 . 

Theorem 3.5. Let C C R n be a full dimensional closed convex set. Then we have 

{li,x) <1 VZi € D u 
(l 2 ,x) <0 V l 2 £ D 2 , 

(h,x) < —1 V I 3 £ D 3 . 

Proof. Since C is full dimensional, C° contains no lines and D 1 , D 2 and D 3 are 
well defined. The necessity is clear. Suppose on the other hand that x satisfies the 
conditions on the right hand side of ( |3.2[ ), we shall show that x € C. By Theorem 
2.5 it is enough to show that (l,x) < 6 * (x,C) for every l £ dom<5* (x,C). Let 
to = 5* (h C), we prove that (l, x) < Iq in all three cases below: 

• If Iq > 0, then we have I/Iq £ C°. By Remark 


3.2 


there exist A) > 0, X'j > 


0, > 0 and Xi £ D\, yj £ D 2 , Zk £ D 32 satisfying the following equality: 

l/lo = X i Xi + Y + Y X * Zk ’ H X i = L 
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According to the definitions of D i, D 3l -D 3 , we have 

{l/l 0 ,x) =J2\l(x i ,x} + ^2x 2 j (y j ,x) + J2 x l( z k,x) < Y x l = L 


If Iq = 0, then Z £ 0 + C°. By Remark 3.2 there exist A| > 0, > 0 and 

Dj £ D 2 , Zk £ -D 32 satisfying the following equality: 

1 = Y A i^' + E X k z k- 


So {l,x) = E tfiVjiX) + E X l(zk,x) < 0. 


x j \yj > •*-/ w ^ s\ k \ 
3 fe 


3.2 


If l 0 < 0, then Z/|Z 0 | £ C 3 . By Remark 
0 and Xi £ D 3 , yj £ D 2 , z k £ -ZA 32 satisfying the following equality: 


there exist A^ > 0, A| > 0, A^ > 


l/\h\ = Y X i x i + Y A i% + Y X k Zk ’ Y X i = L 

i j k i 

So (Z/IZ 0 U) = E X }(xi,x) + T, x2 j(yj, x ) + 'E x K z k,x) < E -a- = - 1 . 

i j k i 

□ 


Theorem 3.6. Suppose C C M” is a full dimensional closed convex set. If there 
exists x £ K" such that 1 — (h,x) = 0, VZi £ D\, —(l 2 ,x) = 0, V /2 £ D 2 , 
— 1 — ( l 3 ,x) = 0, V /3 £ D 3 , then x is the only extreme point of C and C is a 
translated convex cone. 


Proof. By Theorem |3.5| x is in C. By Theorem 3.3 and Remark 3.2 for every 
l £ dom<5* (x, C), there exist A,! >0, i = 1,..., ii, A^ > 0, j = l,...,j 2 and 

ii 32 k 3 

Xl > 0, k = 1 ,... ,k 3 such that l = E X \ x i + E x ^Vj + E x l z k for x i G D 1 , 

i —1 j= 1 fc= 1 

yj £ D 2 and z k £ D 3 2 - Since for every y ? £ D 2 , 5* ( yj,C ) = 0, we have the 
following inequality: 

<r (i, c)<y x l s * (*<><?) + E x l s * (**> c ) = E M - E A fc 

i=l k=1 i=1 k =1 

ii k% 

= Y X i( Xi ’ X ) + Y X k( z k, x ) = (h x )- 

i =1 /c—1 

Furthermore, it is clear that 5* (Z, C) < (Z, a:)+5 (Z, domA* (Z, C)) for every l £ R n . 
Take closure for both sides, we have: 


5* (l , C) < <Z, a) + 5 (Z, cl (dom<S* (®, C))) 

= (Z, a) + 6 (Z, (0 + C)°) (by Corollary |2.4[ ) 

= <5* (Z.z + O+C) . 

This implies that C C cc + 0 + C. On the other hand, since x £ C, we have x+0 + C C 
C. Therefore, C = x + 0 + C, i.e. C is a translated convex cone and contains x as 
the only extreme point. □ 
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3.1.1. C contains no lines. When C C K" is a full dimensional closed convex set 
and contains no lines, we set the slack operator Sc to be 


(3.3) 


Sc(%, v) = 1 - i x , y) for (*i y) & c x Di, 

Sc = { S%(x,y) = ~{x,y) for (x, y) £ C x Z? 2 , 

-Sc(a:, y) = -1 - (*, y) for (a:, y) £ C x D 3 . 

In this definition, D\, D 2 and D 3 are disjoint and may be empty for some convex 

set C. If one of them is empty, we just remove the corresponding slack operator 
from the definition. 

Definition 3.7. Let K C R m be a closed convex cone and C C R" a full dimen¬ 
sional convex set containing no lines. We say that the slack operator Sc defined 


by (3.3) is AT-factorizable, if there exist maps 

A : C -A K, B 1 : D, -A AT*, B 2 : D 2 -A AT*, R 3 : £> 3 -A I<* . 

such that 

• Sl(x, y) = (^4(a;), Bi(y)) for all (x , y) £ C x D t and * = 1,2, 3. 

Theorem 3.8. Let K C R m be a full dimensional closed convex cone and C C R" a 
full dimensional closed convex set containing no lines. Assume C is not a translated 


cone. If C has a proper K-lift defined by (3.1), then the slack operator Sc defined 


by (3.3) is K-factorizable. Conversely, if Sc defined by (3.3) is K-factorizable, 
then C has a K-lift defined by (3.1). 

The proof of Theorem |3.13| can be modified slightly to show the correctness of 
Theorem 13.81 


Example 3.9. Consider C = {x \ x > —1}. Let I\ be S') and 


G S 3 


We construct a linear map n from S 3 to 


f r 11 

Ol2 

ffll3 

L — < 1 021 

«22 

023 

l \°31 

O32 

033 


= 0 , 

a 23 

— 0, 033 = Oi2 

Oil 

«12 

Ol3\ 

021 

022 

023 1 —> a 33 . 

031 

O32 

033 / 


033 . It is easy 


to check that C has a IL-lift, i.e. C = n(K D L). 

Now let us check whether the slack operator Sc defined by ( |3.3| ) is A'-factorizable. 
Because C contains the origin in its interior, according to Theorem |3.3[ D 2 and D 3 
are empty. Since C° = {x | — 1 < x < 0}, we have D\ = exti(C°)\0 = {(—1)}. Let 


us define the maps A 
A(x) = 



-> K* as 


(y) = 



Since 1 — (x,y) = (A(x),B 1 (y)) for all {x,y) £ C x D 3 , we claim that the slack 
operator Sc is A'-factorizable. 


Remark 3.10. Although Definition 3.7 and Theorem 3.8 have extended the ar¬ 
gument in 0 to more general convex sets, it is not easy to use. The main reason 
is that we have to define the map A and check whether Sc is factorizable for all 
points in C. This is difficult since C usually contains infinite number of points even 
when it is a polyhedron. 
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By Tlieorem |2.2[ if C contains no lines, every point in it can be expressed as the 
convex combination of extreme points exti(C) and extreme directions ext 2 ( 0 +C). 
By introducing the cone lift of the recession cone 0 +C and defining its slack operator 
and cone factorization, we extend results in [ 3 ] to non-compact convex sets. 


Definition 3.11. Let K C R m be a closed convex cone. A Lf-lift of a non-compact 
closed convex set G C R" is a set Q = K n L such that 

(3.4) C = 7 t(AT D L), 0+C = tt{I< n 0+L) 


where L C R m is an affine subspace and ir : 
Q is a proper if-lift of C, if L n int (AT) ^ 0 


is a linear map. We say that 


We would like to emphasize that the condition 0 +C = n(K HO+L) is not redun¬ 
dant and can not be deduced from the condition C = n(K D L) in general, see the 
following example. 

Example 3.9 (continued). Although we have C = n(K fll), it is clear that 

R+ = 0+C yt n(K n 0+L) 

since 


[ 

f / a n 

«12 

ai3\ 

0+L = \ 


«22 

023 J £ S 3 | an 

1 

l V a 31 

032 

033/ 

and tt(K D 0+L) = 

{ 0 }. 



We define the slack operator Sc of a full dimensional closed convex set C as 


f Sc( x ,y) = 1 - {x,y) 

I S£(x,y) = -{x, y) 

I Sc(x,y) = -i - {x,y) 
{ $o+ c (x,y) = ~{x,y) 


for (x,y) £ exti(C) x D l5 
for (x,y) £ exti(C') x D 2 , 
for (. x,y) £ exti(C') x D 3 , 
for (x,y) £ ext2(0 + C) x Di,i = 1,2,3. 


In this definition, D\, D 2 and D 3 are disjoint and may be empty for some convex 
set C. If one of them is empty, we just remove the corresponding slack operator 
from the definition. 


Definition 3.12. Let K C R m be a closed convex cone and C C R" a full dimen¬ 
sional closed convex set containing no lines. We say that the slack operator Sc 
defined by (3.5) is A'-factorizable, if there exist maps 

A 2 : ext 2 (0 +C) 


A\ : exti(C) - 
B 1 :D 1 -^ K* 


K, 

B 2 


Do 


K* 


K, 

B 3 : D 3 - 


K*. 


such that 

• S l q (x,y) = (Ai(x), Bi(y)) for all (. x,y ) £ exti(C) x and i = 1,2,3. 

• Sq +c {x, y) = (A 2 (x), Bi(y)) for all (x,y) £ ext 2 (0 + C) x Dj and i = 1,2,3. 


Theorem 3.13. Let K C R m be a full dimensional closed convex cone. Assume 
C C R" is a full dimensional closed convex set containing no lines and C is not a 
translated cone. If C has a proper K-lift defined by (3.f), then the slack operator 
Sc defined by (3.5) is K-factorizable. Conversely, if Sc defined by (3.5) is K- 
factorizable, then C has a K-lift defined by ( \3.j, 
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Proof. Suppose C has a proper AMift, then we set L = vjq + Lq in R m where Lq 
is a linear subspace, Wq £ int [K ) and n : K m —► K" is a linear map such that 
C = tt(K fl L), 0 + C = n(K n 0 + L). Since 0 + L = Lq, we have 0 + C = ir(K n Lq). 
We need to construct maps A 3 ,A 2 and B 3 ,B 2 ,B 3 from the AT-lift that factorize 
the slack operator Sc- 

For every point X\ £ exti(C), there exists a point w\ in the convex set K D L 
such that n(wi) = x±. We define A 3 (x i) := w 3 . Moreover, for every point x 2 £ 
ext2(0 + C'), there exists a point W2 in the convex set AT n Lq such that 71(1112) = x 2 . 
We define A 2 (x 2 ) := w 2 . 

The definitions of B\, B 2 and B 3 are similar to those given in £2 Theorem 1], 
which use the properness condition to guarantee the strong duality holds. The only 
difference is that for £ Di, max{(i 1 , x) \ x £ C} is 1, for l 2 £ D 2 , ma x{(l 2 ,x) \ 
x £ C} is 0 and for l 3 £ D 3 , max{(Z 3 ,a:) | x £ C} is —1. Therefore, we only give the 
definitions and omit all proofs. For every yi £ D\, we define B 3 {yi) := z — n*(yi) 
where z is any point in Lq fl (AT* + 7r*(yi)) that satisfies (wq,z) = 1. For every 
2/2 £ D 2 , we define B 2 {y 2 ) •= z — 7r* (2/2) where z is any point in Lq H ( K* + n*(y 2 )) 
that satisfies (wq, z) = 0. For every y 3 £ D 3 , we define B 3 (y 3 ) := z — n*(y 3 ) where 
z is any point in Lq fl (K* + 7 r*(y 3 )) that satisfies ( 1 v 0 ,z) = —1. It re mains to 
check that S l c and Sq +c have A'-factorizations given in Definition 


3.12 


The K- 

factorization of 5® can be checked by the same method used in gj Theorem 1]. For 
each x 2 £ ext 2 ( 0 + C) and yi £ Di, i = 1,2,3, we have 


(x 2 ,Vi) = {n{w 2 ),yi) = (w 2 ,Tr*(yi)} = (w 2 , z - B.fyi)) 
= ~(w 2 ,Bi(yi)) = -(A 2 (x 2 ),B i (y i )). 


Therefore, Sq +c is AT-factorizable according to Definition 3.12 

Suppose on the other hand that Sq is AT-factorizable, i.e. there exist maps A 3 , A 2 
and Bi,B 2 ,B 3 such that S q c (x,y) = (A±(x), Bi(y)) for all (x,y) £ exti(C') x Di, 
i = 1, 2,3 and Sq +c (x, y) = (A 2 (x), Bi(y)) for all (x, y) £ ext 2 (0 + C)xDi, i = 1,2,3. 
We construct the affine space 


L ={(x,z) £ R n x K m I 1 - (x, Vl ) = {z,B x { yi )), \/ yi £ D ± , 

- (x,y 2 ) = ( z,B 2 (y 2 )), V 1/2 £ D 2 , -1- (x,y 3 ) = {z,B 3 (y 3 )), Vy 3 S D 3 }, 


and let Lk be the projection of L onto the second component z. 

We need to show firstly that 0 ^ Lk- If 0 £ Lk, there exists x £ R" such that 
1 ^ {x,Vi) = 0, Vj/i G D u -(x,y 2 ) = 0, V 1/2 £ D 2 , -1 - {x,y 3 } = 0, Vy 3 £ D 3 . By 
Theorem |3.6[ C is a translated cone and this contradicts to the assumption. For 
each x £ exti(C'), we have A\{x) £ K fl Lk, then AT n Lk 7 ^ 0- 

For every x £ R n , if there exists z £ K such that (x,z) £ L, then (x,yi) = 
1 - (z,Bi(yi)) < 1, Vyi £ D\, ( x,y 2 ) = ~(z,B 2 (y 2 )) < 0, Vy 2 £ D 2 , and (x,y 3 ) = 
— 1 — ( z,B 3 (y 3 )) < —1, \/y 3 £ D 3 . By Theorem 13.51 we have x £ C. Hence, 
7t(AT n Lk) c C. 

Since C contains no lines, we can show that for every z £ K f~l Lk, there exists 
unique x z £ R" such that (x z , z ) £ L. Hence, the map from z to x z is a well defined 
affine map. Since the origin is not in Lk, we can extend the map to a linear map: 
R m —>• R n . In order to prove that C = n(K fl Lk), we only need to show that 
C c 7 t(A' n Lk). 
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For every x G C, there exist X] > 0, i = 1,..., ii, X? > 0, j = 1,... such 


that 


= J2 x i Xi + x jVj> J2 x l = 1 

j=i 


i= 1 


2=1 


h 32 

where Xi £ exti(C) and yj £ ext2(0 + C). Let 2 = X] A 3 Ai(xj) + X] A ?A 2 (yj). 

i—i j =1 

Since £<7 is Jv-factorizable, it is easy to check that z £ K C I and therefore, 

x = 7 r(z) £ 7 r(AT n Lif). We can deduce that C = 7r(AT n Lk )■ 

Furthermore, we need to show that 0 + C = n(K DO + Lx). Since C = n(KHL k), 
we know that O+C D ir(K n 0 + Lk)- On the other hand, for every x £ ext2(0 + C), 
by the definition of L , we claim that A 2 (x) is in K D 0 + Lk- Therefore, we have 
Q+C = n(K nO + L K ). □ 


The following example shows that the K -factorization of S*{x,y) for (x,y) £ 
exti(C) x Dj an d i = 1,2,3 can not guarantee that the convex set C has a AT-lift 
defined by (3.4). It is necessary to consider the A'-factorization of Sq +c {x, y) for 
all (x, y) £ ext 2 (0 + C) x D, and i = 1, 2,3 too. 


Example 3.14. Let C be a 3-dimensional polyhedron in R 3 defined by the following 
inequality: 



' 1 f 0 N 





0^0 


( 1 \ 
1 



-1 f 0 

/ X1 \ 

1 


(xi,x 2 ,x 3 ) e R 3 : 

- 1 0 


1 




\ x 3 J 

1 



0 0 


1 



1 0 


l 0 ) 



l 0 0-1 ) 



> 


The six vertices of C are {(cos(iir/3),sin(iTr/3),0), i = 0, ...,5} and 0 + C = 
cone ({(0,0,1)}). According to Definition 4.1 its slack matrix is 


S := 


( 0 0 
1 0 
2 1 
2 2 
1 2 
0 1 
\ 0 0 


1 2 2 1 0 \ 
0 12 2 0 
0 0 12 0 
10 0 10 
2 10 0 0 
2 2 10 0 
0 0 0 0 1 / 


It has been shown in j3J Example 2] that the first 6x6 submatrix Sh of S has 
a R^-factorization. However, we claim that the matrix S does not have a R 3 - 
factorization. If it does, we can assume it has the following nonnegative decompo¬ 
sition: 

/ Sh 0 \ _ f An A12 \ / Bn B12 \ 

V 0 1 / \ A 21 A 22 J \ B 2 i B 22 J 

Since A 2 iBn + A 22 B 2 i = 0, we have A 22 B 2 i = 0. We claim that A 2 2 = 0. 

Otherwise, B 2 i will be zero and Sh = dnBn. This contradicts to the fact that 
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Figure 3. 


Example 3.14 


Sh has no -factorization. From A 21 B 12 + A 22 B 22 = 1 and A 22 = 0, we have 
B 12 7 ^ 0. However, since AhBi 2 + A 12 B 22 = 0, there exists one column of An 
which is a zero column. Therefore, Sh has a nonnegative decomposition in R^ 
which is also a contradiction. Hence, according to Theorem 3.13 C has no R+-lift. 


In Theorem |3.13[ we have assumed that the full dimensional closed convex set 
C is not a translated cone. If C is a translated cone, a K- lift of C can be defined 
as 


(3.6) C = b + ir(KnL), 

where b £ R” is a constant vector, I is a linear space and tv : R m -A R" is a 
linear map. In this case, we only need to characterize ext 2 ( 0 + C). Without loss of 
generality, we can assume 6 = 0 and C is a cone. We define the slack operator Sc 
as 


(3.7) S c (x, y) = ~{x,y) for (x,y) £ ext 2 (C) x ext 2 {C°). 

We say that the slack operator Sc is iv-factorizable, if there exist maps 
A : ext2(C) —> K. B : ext2 (C°) —> K* 

such that 

• S c (x,y) = ( A(x),B(y )) for all (x,y) £ ext 2 (C) x ext 2 (C'°). 


Theorem 3.15. Let K be a full dimensional convex cone in R m and C a full 
dimensional closed pointed convex cone in R n . If C has a proper K-lift defined by 
(3.6), then Sc defined by (3. 1) is K-factorizable. Conversely, if Sc defined by (3.1) 
is K-factorizable, then C has a K-lift defined by (3.6). 


The proof that Sc is IF-factorizable if C has a proper A'-lift is similar to the one 
given for Theorem |3.13| We omit the proof here. Below we give a short proof to 
show that C has a A'-lift if Sc is AT-factorizable. 


Proof. Suppose Sc is A'-factorizable, we construct the linear space 
L = {( x,z ) | ~(x,y) = (z,B(y )), My £ ext 2 (C°)}. 
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Let Lk be the projection of L onto the second component z. Since C contains no 
lines, for every z £ L K , there exists unique x z £ R n such that (x z ,z) £ L. Hence, 
we can define a linear map n: Lk —> x z . Since L is a linear space, we can extend 
7T to a linear map: —> R n . 

For every x £ R n , if there exists z £ K such that (x, z) is in L, then (x, y) < 0 
for all y £ ext 2 (C°). Hence x £ C°° = cl(C) = C since C is a closed convex set. 
We have ir(K n L) C C. On the other hand, since Sc is AT-factorizable, for every 
x £ ext 2 (C), (x,A(x)) £ L , hence C C n(K n L). The proof is completed. □ 


3.1.2. C contains lines. When C is a full dimensional closed convex set containing 
lines, Definition |3.7| and Theorem |3.8| can be generalized without any change. How¬ 
ever, when C contains lines, it has no extreme points and 0 + C contains no extreme 


rays, Definition 3.12 and Theorem 3.13 need to be adjusted properly. 

Let Li denote the lineality space of C and {l \..., l s } be an orthogonal basis of 
L x . The convex set containing lines can be decomposed as 

(3.8) C = C 0 + A, 


where Ch = 


c n cf- 


is a closed convex set containing no lines and L ^ is the 


orthogonal complement of L\. 

Lemma 3.16. L ^ is the affine hull of C°. 

Proof. Since C = Co + L\, we have C° = Cq n Lf. The convex set Co contains 


no lines, then 0 + C”o contains no lines. By Corollary 2.4 and Theorem 3.3 


we 


claim cl (cone (Cg)) = (0 + Co)°. Since (0 + Co)° contains an interior, it is clear that 
cone(Cg) contains an interior. As Cq is in Lf, cone(CQ) contains L\. Hence 
cone ( C°) = cone (Cq) D Lf has an interior in Lf. Furthermore, C° = Cq D Lf has 
an interior in Lf too. Hence Lf is the affine hull of C°. □ 


We define the slack operator Sc 
taining lines as 
(3.9) 


S c ={ 


sb 0 ( x ’y) = 1 - (z»2/> 
s c 0 ( x ^y) = -( x ,y) 
Sc 0 ( x >y) = - 1 ~( x ,y) 
s o+c 0 ( x ’y} = ~( x ^v) 

^L 1 (x,y) = (x,y) 


of a full dimensional closed convex set C con¬ 


fer (x,y) £ exti(C 0 ) x D lt 

for (x,y) £ exti(Co) x D 2 , 

for (x,y) £ exti(C 0 ) x D 3 , 

for (x,y) £ ext 2 (0 + C 0 ) x D u i = 1,2,3, 

for (x,y) £ {h,...,l s } x {h,..., 41- 


Definition 3.17. Let K C R m be a full dimensional closed convex cone and 
C C R" a full dimensional non-compact closed convex set containing lines. We say 
that the slack operator Sc defined by (3.91 is A'-factorizable, if there exist maps 


A\ : exti(Co) —> K, A 2 : ext 2 (0 + Co) —t K , A 3 : {Zi,..., ^ s } —> K, 

Bi : D\ K*, B 2 :D 2 -> K *, B 3 : D 3 -> I<*, F : {/ 1; ...,l s }^ R m . 


such that 

• S l Co ( x ,y) = (A x (x),Bi(y)) for all (x,y) £ exti(C 0 ) x D, and i = 1,2,3, 

• S z 0 +Co (x,y) = ( A 2 (x),Bi(y )) for all (x,y) £ ext 2 (0 + C o ) x D t and i = 1,2,3, 

• S Ll (x,y) = ( A 3 (x),F(y )) for all (x,y) £ {h,...,l s } x {h,...,l s }, 

• ( A 3 (x),Bi(y )) =0 for all (x,y) £ {h,...,l s } x A: and i= 1,2,3, 

• (Ai(x),F(y)) = 0 for all (x,y) £ exti(C 0 ) x {h, .. .,l s }, 

• (A 2 (x), F(y)) = 0 for all (x,y) £ ext 2 (0+C o ) x {h, .. .,l s }. 
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Theorem 3.18. Let K be a full dimensional closed convex cone in R m . Assume 
C is a full dimensional closed convex set in R ra which can be decomposed as (3.8) 


and Cq is not a translated cone. If C has a proper K-lift defined by (3.4), then the 


slack operator Sc defined by (3.9) is K-factorizable. Conversely, if Sc defined by 


(3.9) is K-factorizable, then C has a K-lift defined by (3.4). 


3.17 

each 


can be checked by 
x, y £ \l \,..., 


Proof. Suppose C has a proper A'-lift, then we set L = wq + L 0 in R m where L 0 
is a linear subspace, wq £ int (A') and it : R m —> R" is a linear map such that 
C = tt(K fl A), 0 + C = 7 t(AT n 0 + A). Since 0 + A = L 0 , we have 0 + C = tt(K n L 0 ). 
We need to construct maps A 3 , A 2 , A 3l B 3 ,B 2 ,B 3 and F that factorize the slack 
operator Sc from the /A'-lift. We can define A±, A 2 , B\, B 2 , B 3 by the same way 
used in the proof of Theorem |3.13 For every l z , i = 1,... ,s, there exists a point 
Wi £ K n Lq such that ir(wi) = li. So we define A 3 (li) := w, for i = 1,..., s. 
Furthermore, we define F{fi) := n*(li) for i = 1,..., s. 

The equalities for Sc 0 , Sq +C o , i = 1, ..., 3 in Definition 
the same method used in the proof of Theorem 3.13 For 
we have 

(x,y) = (tt (A 3 (x)),y) = (A 3 (x), F(y)). 

For each x £ {Zi,..., l s } and y £ Di , we have 

{A 3 (x),Bi(y)) = (A 3 (x), z - 7 r*(y)) = -(tt (A 3 (x)),y) = -(x, y) = 0. 

For each x £ ext 1 (Co) and y £ {Zi,..., l s }, we have 

(A 1 (x),F(y)) = {t:(Ai{x)), y) = (x,y) = 0. 

For each x £ ext 2 ( 0 + Co) and y £ {l 1 , ■ ■ ■, l s }, we have 

(A 2 (x),F(y)) = (tt (A 2 (x)),y) = (x,y) = 0. 

Therefore, Sc is A'-factorizable. 

Suppose Sc is A'-factorizable. We need to construct an affine space L: 

L ={(£, z) £ R n x R m | x = Xi + x 2 such that aq £ L^ and x 2 £ L\, 

1 - (xi,yi) = {z,B 1 ( 2 / 1 )), Vj/i £ D \, — (xi, 1 / 2 ) = {z,B 2 (y 2 )), Vy 2 £ D 2 , 

- 1 - (x!,y 3 ) = ( z,B 3 (y 3 )), Wy 3 £ D 3 , (. x 2 ,h) = ( z,F(k )), Vi = l,...,s}. 

Let Lk be the projection of L onto the second component z. 

We need to show that 0 ^ Lk- If 0 £ Lk , there exists x = X\ + X 2 such that 
1 - (xi,yi) = 0, Vyi £ D u ~(x 1 ,y 2 ) = 0, \/y 2 £ D 2 , -1 - (x 3 ,y 3 ) = 0, My 3 £ D 3 . 
By Theorem |3.6[ Co is a translated convex cone and this leads to a contradiction. 
Moreover, K fl Lk 7 ^ 0 since for each x £ ext 1 (Co), we have A\(x) £ A' fl Lk- 
Now we prove that for each z £ K fl Lk, there exists unique x £ R n such that 
(x, z) £ L. If for some 2 £ KC\Lk, there exist two different points x 1 = x\ + x\ and 
x 2 =xf+x 2 such that both {x x ,z) and ( x 2 ,z ) are in L. Because {x\ — x\,y) = 0 for 


y £ Di U D 2 U D 3 , we have {x\ — x 2 , y) =0 for y £ C°. According to Lemma 3.16 
L-f is the affine hull of C°, hence x\ — x\ £ L\. Since x\ — xf is also in L(-, we have 
x\ — xf = 0. Furthermore, because {x\ — x\, If) = 0, 1 < i < s and x\ — x 2 £ L\, 
we also have x\ — x\ = 0. Hence, the map from z to x z is a well defined affine map. 
Since the origin is not in Lk, we can extend it to a linear map: R m —► R n . By 


the same method used in proving Theorem 3.13 we can show C = tt(K (~l Lk) and 
0 + C = 7 r(Arn 0 + L K ). □ 
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When C is a closed translated convex cone that contains lines, C can also be 


decomposed as (3.8 1 and we have results similar to those given in Theorem 3.15 
The slack operator Sc of a convex set C containing lines is defined as 


(3.10) S c = 


Sc 0 (x,y) = ~(x,y) 
SlA x ,v) = ~{x,y) 


for (x,y) G ext 2 (Co) x ext 2 (C°), 
for (x,y) £ {h,...,l s } x 


Definition 3.19. We say that the slack operator Sc defined by (3.10) is K- 
factorizable, if there exist maps 


Ai : ext 2 (Co) — > K, A3 : {Zi,... ,l s } — > K, 
B : ext 2 (C°) -A K*, F : {l u ... ,ZJ R m . 


such that 

• S Co {x,y) = {A 2 {x),B{y )) for all (x,y) G ext 2 (C 0 ) x ext 2 (C'°), 

• S Ll (x,y) = ( A 3 (x),F(y )) for all (x,y) € {h,...,l s } x {h,...,l s }, 

• ( A 2 (x),F(y)) = 0 for all (x,y) G ext 2 (C , 0 ) x {Zi,... ,l s }, 

• ( A 3 (x),B(y )) = 0 for all {h, ...,l s }x ext 2 (C 0 ). 


Theorem 3.20. Let K be a full dimensional convex cone in R m and C is a full 
dimensional closed translated convex cone in M” that contains lines and C can be 
decomposed as (3.8). If C has a proper K-lift defined b y 1(3 ■()] ), then Sc defined 
by (3.10) is K-factorizable. Conversely, if Sc defined by (3.10) is K-factorizable, 
then C has a K-lift defined by (3.6). 

Theorem 3.20| can be proved using similar arguments for Theorem 3.15 and 
Theorem 13.181 


3.2. C is not full dimensional. When C is not a full dimensional convex set, it 
has a non-trivial affine hull. 


Theorem 3.21. Let C be a closed convex set in R ra . The polar C° contains lines 
if and only if C is contained in a non-trivial linear space. When C contains the 
origin, C is not full dimensional if and only if C° contains lines. 

Proof. C° contains lines if and only if there exists a G R n such that S* (a, C) < 0 
and S* (—a, C) < 0, i.e. C is contained in the set {x \ a T x = 0}. 

When C contains the origin, C is not full dimensional if and only if there exists 
a G K™ such that C is contained in {x \ a T x = 0}. □ 

We assume that the convex set C is not full dimensional and contains no lines. 
Then C° may or may not contain lines. If C° contains no lines, we have the 
same results as the case that C is full dimensional. When C° contains lines, there 
exists no extreme point or extreme direction in C° and the sets D\, Z ? 2 and D 3 
are empty. Let L 2 denote the lineality space of C°. Assume C° = C' + L 2 such 
that C' = C° H Lf. The closed convex set C contains no lines. It is clear that 
0+C" = 0 + C° n I /2 • Recall that C 3 = {x \ S* (x, C) < —1}, C ' 3 = C 3 D Lf contains 
no lines. Let 

D[ = exti(C')\0, D ' 2 = ext 2 (0+C") n {x \ 5* (x,C') = 0}, D ' 3 = exti^). 

Let 

D ' 32 = ext 2 (0 + C") n {x | 5* (x, C') = -1}. 

Then D ' 32 C D' 3 . 
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Theorem 3.22. A ssume a closed convex set C C R n is not full dimensional and 
contains no lines. For a vector x £ R", x £ C if and only if for every l £ D[, 
(l,x) < 1, for every l £ D' 2 , (l,x ) < 0, for every l £ D 3 , (l,x) < —1 and x £ Lf, 
where L 2 is the lineality space of C°. 

Proof. Similar to the proof of Theorem |3.5| □ 


Assume the closed convex set C is not full dimensional and contains no lines. 
By replacing D, by D\ for i = 1,2, 3 in Theorem 3.5 and Definition 3.12 we can 
define the slack operator Sc and its AT-factorization, then all results in Subsection 
ra can be extended trivially to the case that C is not full dimensional. Although 
results in Subsection 13.1.21 can also be extended to the case that the closed convex 
set C is not full dimensional and contains lines, it becomes much more complicated 
and we omit the discussions here. 


4. Cone lifts of polyhedra 


Similar to [4| Section 3], we specialize results given in previous section to the 
case of cone lifts of polyhedra. Let C C R" be a polyhedron defined by a set of 
linear inequalities: 

(4.1) C = {x £ R" : fi(x) < ai ,..., f kl (x) < a kl , gi{x) < 0 ,...,g k2 (x) < 0, 

hi(x) < —/3i,..., h k3 (x) < —/?fc 3 }, 

where oti > 0 for 1 < i < ki and 0j > 0 for 1 < j < k 3 . The recession cone of C 
has the following form: 

(4.2) 0 + C = {i£l" -fi(x) < 0,... ,f kl (x ) < 0, gi(x) < 0,.. .,g k2 (x) < 0, 

hi(x) < 0 ,...,h ks (x) < 0}. 

Let the convex set C be generated by a set of points C \,..., c t and directions 
r\,... ,r s . We extend the definition of a slack matrix in Hill- 

Definition 4.1. We define the slack matrix of C as [Sf, S 2 , S 3 ] T , where 

(1) Si £ R fclX ( t+s ) whose (i,j)-entry is oti — fi(cj) fori = 1,..., k\, j = 1,..., t 
and (i, t + j)-entry is —fi(rj) for i = 1,..., k\, j = 1,..., s. 

(2) S 2 £ R fe2X ( t+s ) whose ( i,j)-entry is —gi{cj) fori = l,...,k 2 , j = l,...,t 
and (i,t + j)-entry is -g^rj ) for i = 1,..., k 2 , j = 1,..., s. 

(3) S 3 £ K fc 3 x(i+s) w /j 0se ( i 7 j)-entry is —0i — hi(cj ) for i = 1 ,...,k 3 , j = 
1 ,t and ( i , t + j)-entry is —hi(rj) for i = 1,..., k 3 , j = 1,..., s. 

Assume C is a full dimensional polyhedron containing no lines, the slack matrix 
S is called the canonical slack matrix of C if fi,gi, hi represent the facets of C, 
ai = 1,0 j = 1 for i = 1,..., hi, j = 1 ,... ,k 3 and c\,... ,Ct and ri,..., r s are the 
vertices and the extreme directions of C respectively. 


Definition 4.2. H Definition 7] Let M = (My) £ be a nonnegative matrix 
and K a closed convex cone. Then, a K -factorization of M is a pair of ordered sets 
ai,... ,a p £ K and bi,... ,b q £ K* such that (ay bj) = Mij. 


Definition 4.2 generalizes nonnegative factorizations of nonnegative matrices 0 
to arbitrary closed convex cones. We generalize results pQ Theorem 13], [4j Theorem 
3] and [SJ Theorem 3] to show the equivalence between the A'-lift of a polyhedron 
and the A'-factorization of a slack matrix. 
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When C is a full dimensional polyhedron containing no lines and K C R m a full 
dimensional polyhedral cone, the A'-factorization of a slack operator is identical to 
the A'-factorization of the canonical slack matrix of C. Theorem l4.3l can be deduced 
directly from Theorem 3.13 and 3.15 when C is full dimensional. 


Theorem 4.3. Let K be a full dimensional closed convex cone in R m . If a full 
dimensional polyhedron C C R n containing no lines has a proper K-lift, then every 
slack matrix of C admits a A -factorization. Conversely , if some slack matrix of C 
has a K-factorization, then C has a K-lift. 


4.1. K is a polyhedral cone. Although we have pointed out in previous section 
the condition 0 + C = tt(K n 0+A) is not redundant and can not be deduced from 
the condition C = n(K D L) in general. When C and K are both polyhedra, (3.1) 
and (3.4) are equivalent. 


Lemma 4.4. Let C C R" be a full dimensional polyhedron containing no lines and 
K C R m a full dimensional polyhedral cone, then C has a K-lift defined by (3.1) if 
and only if it has a K-lift defined by (3-4). 


Proof. It is sufficient to show that if there exists an affine space L and a linear 
map 7r from R m to R™ such that C = 7t(A D L), we will have 0 + C = n(K (~l 
0 + A). It is clear that if we define Q to be A D L , then Q is a polyhedron. For 
\/x £ Q, there exist extreme points ai,... ,at in Q and non-zero extreme directions 
«t+i) • • •> &t+s in 0+Q such that x = AiOq + • • • + A t ot t + \t+iu t +i + • • • + A t _|_ s a t+s , 
where Ai + • • • + A* = 1 and Ai > 0 for i = 1,..., t + s. Then we have n(x) = 

Ai7r(ai) H-b A t 7r(a t ) + A t+ i7r(a t+ i) + • • • + A t+S 7r(a t+S ). So 0+C is generated 

by 7r(at+i), • • • , 7r(a t+s ). On the other hand, since at+i, ■ ■ • , at+ s generate 0 + Q = 
AO 0+A, thus 7r(a t _)_i), • • • , 7r(a t+s ) generate 7t(A nO+A). Hence, O+C = An 0+A 
and our proof is completed. □ 


Theorem 4.5. Let C C R n be a full dimensional polyhedron containing no lines 
and A C R m a full dimensional polyhedral cone. If C is not a translated convex 
cone, then C has a K-lift defined by j[3.1\ ) if and only if the slack matrix of C in 
Definition \4.1\ has a A -factorization defined by Definition ^ -S\ If C is a translated 
convex cone, we can have the same result if we replace the K-lift defined by (3.1) 


by the K-lift defined by (3.6). 


Proof. According to Lemma 4.4 the polyhedron C has a A'-lift defined by © 
if and only if it has a A-lift defined by (3.4). The properness condition that A 


intersects int (A') is used to guarantee the strong duality in the proof Theorem |4.3| 
(see the proof of Theorem 1 in 0 )- When A is a polyhedral cone, the minimiza¬ 
tion problem involved in the proof becomes a linear-programming problem and the 
strong duality holds if A n A ^ 0. □ 
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Figure 4. Example 4.6 


Example 4.6. Consider the polyhedron CcM 2 defined by 


C = (xi, x 2 ) £ R 2 
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By Theorem 4.5 C has a R+-lift if and only if the slack matrix S has a 


factorization. We denote the coefficient matrix by H and the right hand side vector 
by d. The slack matrix S is 
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We compute a u». + 


-factorization of S as S = U • V where 


U = 


1 1 0 
1 —2 y/3 + 4 2 — y/3 

V3-1 0 

2-/3 0 0 

0 0 0 

0 0 ^ — 1 

u u 2 2 

0 -2/3 + 4 2-/3 

0 


1 _ vi 

2 

0 

0 

2-/3 


2 — a/3 2 — /3 
0 /3- 1 


v = 


0 

0 

0 

0 

2 

a/3- 1 


1 

0 

0 

0 

1 

a/3 

0 


0 

0 

1 

a/3 — 1 
0 
0 
0 


0 

\ _ VI 

1 


2 

a/3 

0 

0 

1 

0 

0 


The R®.-lift of C is: 


VI 

2 


VI 

2 


1 

1 

2 

0 

0 

0 

0 

a/3 — 1 


C = {(xi,X 2 ) | G R® s.t. Hx + Uy = d}. 
If we eliminate X\ and X 2 from Hx + Uy = d, we have 


{ye 


^ 6 + 


y i 


— 1 + (v^ — 1)2/4 + 


a/3 + 1 a/3 + 1 


ye 


V3-V5, 


1 1 


V2 = 


,VA 


a/3 + 1 a/3 + 1 


■2/6 


2/3}- 


4.2. K is a positive semidefinite cone. The positive semidefinite rank of a 
polytope C is the smallest k such that C has an iS/lift mm- A lower bound on 
the psd rank of a polytope is given in Proposition 3.2]. Now we extend this 
result to the case where C is a polyhedron. The following lemma extends the result 
in 0 Proposition 3.8]. 


Lemma 4.7. Assume C is a full dimensional polyhedron containing no lines. The 
polyhedron C C R n has a facet of psd rank k, then the psd rank of C is at least 

k + 1. 


Proof. Let F be a facet of C. Assume the slack matrix Sf of F has psd rank k. Let 
ai,... ,a s be vertices of F and a s +i,..., a s +t extreme directions of F. Suppose 
the facets of F correspond to the facets F \,..., F r of C other than F. Since F / C, 
there exists a vertex or an extreme direction denoted by a which does not belong to 
F and F(a) > 0. The slack matrix Sc of C contains a (r + l) x (s + t+1) submatrix 
which is indexed by F ±,..., F r , F in the row and or, ..., a s ,a s + 1 ,..., a s +t, 0 . in the 
column and has the following form 


f S F w \ 
\ 0 F(a) ) 


where w € R]]_ and F(a) > 0. 
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According to 0 Proposition 2.6], we know that the psd rank of S' is k + 1. Hence 


Sc has psd rank at least k + 1. 


□ 


Theorem 4.8. If C C R™ is a full dimensional polyhedron that contains no lines, 
then the psd rank of C is at least n. 

Proof. The proof is very similar to the one given in 0 Proposition 3.2]. The only 
difference is that if n = 1, C can be a half line. Hence there exists a slack matrix 
whose size is 1 by 2. Obvious, the psd rank of this slack matrix is f. Assume 
the statement holds up to dimension n — 1. We select a facet F of C which has 
dimension n — 1 and its psd rank is at least n — 1. By Lemma |4.7[ the psd rank of 
C is at least n. □ 

Remark 4.9. There exists a full dimensional polyhedron C C R" that contains 
no lines such that the psd rank of C is n. For example, consider the n-dimensional 
nonnegative orthant R" = {x \ Xi > 0, i = 1 , ... ,n}. The slack matrix of R+ is 
(0, I n ) where /„ is a unit matrix and 0 is a zero vector and its psd rank is n. 

4.3. Identifying the slack matrix of a polyhedron. Gouveia et al. in |3j 

purposed algorithmic methods to identify whether a nonnegative matrix is a slack 
matrix of a polyhedral cone or a polytope. These results can be generalized to 
characterize the slack matrix of a polyhedron. Similar to 0 Lemma 10], we have 
the following lemma: 

Lemma 4.10. A nonnegative matrix S is a slack matrix of a polyhedron C if and 
only if it is a slack matrix of a full dimensional polyhedron which contains no lines. 

Proof. Since the slack matrix of a polyhedron is also a slack matrix of its translation. 
We can assume that the polyhedron contains the origin. Assume that C contains 
lines, and can be decomposed as C = Co + L\, where Cq = C n Ljj is a convex set 
containing no lines and Lf is the orthogonal complement of L\. 

Let C be a polyhedron defined by a set of linear inequalities fi(x) < at, gj(x) < 0 
where cq > 0, 1 < * < k\ and 1 < j < & 2 - Every point in C can be expressed by the 
convex combination of a set of points C\, ... ,c t and directions rq,..., r s . According 
to Definition |4.1[ the slack matrix S of a polyhedron C can be factorized as 


( oli -fi \ 


(4.3) 



1 0 
c t ri 



\ 0 - 9k 2 ) 


Since the linear functions corresponding to fi and gj are bounded above on C, ft 
and gj are orthogonal to L^. Let Q be the orthogonal basis of Ljj, then we have 
fi' {I — QQ T ) = 0 and gj ■ (/ — QQ T ) = 0 where I is an identity matrix and 0 is a 
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zero vector. We have the following equalities: 


S = U- 
= u ■ 
= u ■ 


1 


0 


0 I-QQ T + QQ 7 


■ V 


0 


0 


0 I-QQ 1 


1 0 


V + U ■ 


0 Q 


1 0 
0 Q T 


V. 


0 

qq t 


■ V 


Let U' = U- 


1 0 
0 Q 


and V' = 


1 0 
0 Q T 


■ V, it is easy to see that S = XJ' -V' 


is the slack matrix of Q t Cq , which is a polyhedron that contains no lines. 

If Co is not full dimensional, aff(Co) is a nontrivial linear space. By similar 
transformations used above, we can show S is the slack matrix of Co in aff(C'o). □ 


The following theorem and its proof is similar to [3] Theorem 6]. 

Theorem 4.11. A nonnegative matrix S £ with rank(S) >2 is a slack 

matrix of a polyhedron if and only if S is a slack matrix of a polyhedral cone and 
there exists a vector whose component consists of only 0 and 1 contained in the row 
space of S. 

In [31 Theorem 14], [21 Corollary 5] and [SJ Lemma 3.1], they characterized the 
rank of a slack matrix in terms of the dimension of a polytope. When C is a pointed 
polyhedral cone, its dimension is equal to the rank of its slack matrix J3j Lemma 
13]). These results can be extended to the case that C is a polyhedron. 

Theorem 4.12. Let C C K" be a n-dimensional polyhedron containing no lines. 
If C is not a translated convex cone, then the rank of the slack matrix S is n Cl. 


Proof. Suppose C is not a translated convex cone. Since the rank of its slack 
matrix does not change after the translation of C and all the slack matrices of C 
have the same rank, we can assume that C contains the origin and its canonical 


slack matrix can be written as (|4.3|). We show that the matrix U is of full column 

x\ 

X2 


rank. Otherwise, there exists a vector 


such that U ■ 


Xl 

X 2 


= 0. Ifxi ± 0, 


set X\ = 1. Then 1 — f(x 2 ) = 0 for all f £ D± and g(x 2 ) = 0 for all g £ D 2 . By 
Theorem 3.6 C is a translated convex cone. This leads to a contradiction. If X\ = 0, 
since for every vector y £ C°, there exist A] > 0, 1 < i < k\ and X'j > 0, 1 < j < k 2 

ki &2 

such that y = Yf Xjfi+ tfdj f° r fi € P>\ and gj £ D 2 , we have {x 2 , y) = 0. 

*=i i —i 

Since dim(C'°) = n, C° contains an interior. We derive x 2 = 0 since (y,x 2 ) = 0 
for each y in C°. Hence, U is a full column rank matrix. Moreover, since C is a 
n-dimensional polyhedron, the dimension of the cone in M™ - * -1 generated by vectors 


1 

Cl 


0 

ri 


0 


, + 1. Therefore, the rank of S' is n + 1. 


is n + 1. Hence, the matrix V has rank 

□ 


Corollary 4.13. Let C be a polyhedron such that C = Co + L\ where L\ is the 
lineality space of C and Co = C (~l Lf. If C is not a translated convex cone, then 
the rank of its slack matrix S is dim(Co) + 1. 
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In T| Theorem 3.2], they gave an upper bound [6min{m, n}/7] of the nonneg¬ 
ative rank for a rank-three nonnegative matrix in R mx ". By Theorem 4.12 and 
Corollary |4. 13 the slack matrix S £ R mxn of every polyhedron in R 2 is rank-three 
except that the polyhedron is a translated convex cone. It is easy to show that when 
min (to, n) > 7, every such slack matrix has a nontrivial nonnegative factorization. 
This fact motivates us to compute a R6 -factorization of the slack matrix S £ 
in Example |4.6| 
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